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History matching of unsteady immiscible displacement experiments performed on
model porous media reveals that nonequilibrium capillary pressure and relative perme-
ability functions are sensitive to the dominating flow pattern. As the capillary number
increases, the network displacement pattern changes gradually from invasion percola-
tion cluster to stable displacement. For primary drainage, the capillary pressure and
relative permeability curves are increasing functions of the capillary number. The depen-
dence of the relevant macroscopic parameters on the capillary number is consistent with
power laws derived from scaling arguments of gradient percolation theory, which de-
scribes the growth of the displacement front. The material coefficient of the thermody-
namic theory of capillary pressure changes mildly with fluid saturation and is a decreas-

ing function of the capillary number.

Introduction

Two-phase flow in porous media is of key importance for a
variety of industrial (such as oil and gas recovery from under-
ground reservoirs) and environmental (such as remediation
of contaminated soils and aquifers, CO, storage in sub-sea
aquifers, and so on) processes. At the macroscopic scale, the
multifluid flow in porous media is commonly described by the
Darcy equation and the continuity equation for each phase
(Bear, 1972; Sahimi, 1995). The capillary pressure and rela-
tive permeability curves incorporate implicitly microscopic
characteristics of the porous medium and pore-scale dynam-
ics into the macroscopic description of the flow, and are com-
monly expressed as functions of the local fluid saturation
(Scheidegger, 1974).

Experiments performed on artificial porous media (Le-
normand et al., 1988; Vizika and Payatakes, 1989; Fourar et
al., 1993; Avraam and Payatakes, 1995a; Persoff and Pruess,
1995), as well as pore network simulations (Blunt and King,
1991; Goode and Ramakrishnan, 1993; Vizika et al., 1994;
Constantinides and Payatakes, 1996; Aker et al., 1998; Hughes
and Blunt, 2000; Knackstedt et al., 2001; Singh and Mohanty,
2003), have revealed that the transient and steady-state two-
phase flow patterns depend not only on the specific charac-
teristics of the pore space morphology, but also on a variety
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of dimensionless parameters such as the capillary number,
viscosity ratio, wettability, and so on. The relative permeabil-
ity functions of porous media are strongly correlated with the
flow regimes and are strongly dependent on the capillary
number and viscosity ratio, not only over the inertial (Fourar
et al., 1993), but also over the creeping flow regime (Avraam
and Payatakes, 1995a; Singh et al., 2001). The extension of
Darcy law to two-phase flows is based on the assumption that
each phase flows along its own pathway without any momen-
tum interchange between phases at interfaces (Whitaker,
1986). The viscous coupling effects are accounted for the
two-phase flow by substituting the conventional Darcy equa-
tions with the generalized ones along with four relative per-
meability coefficients (Kalaydjian, 1990; Bentsen and Manai,
1993; Avraam and Payatakes, 1995b; Dullien and Dong, 1996).

At vanishing flow rates, the displacement is driven by capil-
lary forces, the relative permeability and capillary pressure
curves are governed by the microstructural properties and
wettability of the porous medium and various numerical
models have been suggested for their calculation by using ei-
ther invasion percolation or effective medium approximation
(Blunt et al., 1992; Kantzas and Chatzis, 1988; Levine and
Cuthiel, 1986). For drainage or imbibition in a disordered
pore network, at increasing values of the capillary number,
the correlation length (Stauffer and Aharony, 1992) de-
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creases and viscous effects on the growth pattern of the dis-
placement become discernible in progressively smaller re-
gions of the network. Near the percolation threshold of any
fluid, this picture is analogous with the substitution of an infi-
nite network by smaller finite networks. Then, finite-size scal-
ing of the various percolation quantities at the vicinity of the
percolation threshold allows the estimation of the shift of the
network accessibility properties and effective conductivities
with respect to the capillary number (Wilkinson, 1986; Blunt
et al., 1992; Xu et al., 1998).

From the analysis of literature experiments and simulated
results of pore network models with the aid of the thermody-
namic theory of the two-phase flow in porous media (Has-
sanizadeh and Gray, 1993a,b; Hassanizadeh et al., 2002), it
was found out that the functional form of the capillary pres-
sure curve should be generalized to include a dynamic term
(material coefficient), which may be of crucial importance for
obtaining reliable numerical predictions at the field scale.
Specifically, drainage experiments indicate that the dynamic
capillary pressure is almost always higher than the static one,
and comparative analysis of experimental data allows the es-
timation of the material coefficient (Hassanizadeh et al.,
2002).

The estimation of relative permeability and capillary pres-
sure functions from laboratory measurements may be based
on steady-state experiments of the simultaneous flow of two
phases through the porous medium or unsteady-state experi-
ments of the immiscible displacement of the one fluid by the
other (Heaviside, 1991). Although accurate and explicit, the
steady-state methods are time consuming and expensive. On
the other hand, in the unsteady-state methods, the effective
transport coefficients are estimated either explicitly from
measured data (Johnson et al., 1959) or implicitly from the
history-matching of the temporal evolution of the pressure
drop/fluid production/fluid saturation profile (Sigmund and
McCaffrey, 1979; Jennings et al., 1988; Chardaire-Riviere et
al., 1992; Mejia et al., 1995; Kulkarni et al., 1998; Mitlin et
al., 1999; Akin, 2001). The accuracy of the explicit unsteady-
state methods is limited by errors arising from the calculation
of derivatives (Tao and Watson, 1984). In implicit methods,
the capillary pressure and relative permeability functions are
so chosen that simulated results match the experimental data
(Watson et al., 1986). Common difficulties embedded in his-
tory-matching procedures are associated with the adequacy
of the numerical model of the displacement process, as well
as with the selection of an optimization scheme that will be
capable of finding a global minimum of parameter estimates
(Savioli and Bidner, 1994). Except for the classical nonlinear
parameter estimation methods (Bard, 1974), simulated an-
nealing and genetic algorithms have also been used as opti-
mization tools in reservoir engineering (Johnson and Rogers,
2001; Akin and Demiral, 1998).

Although it is well known that the transient displacement
patterns in a porous medium are strongly correlated with the
capillary number, the dependence of the implicitly estimated
multiphase flow coefficients (history matching) on the flow
rates has been overlooked. However, the introduction of in-
correct parameters into the macroscopic numerical simula-
tors is reflected in inaccurate predictions of the multifluid
transport at the scale of an oil reservoir or an underground
aquifer. In this manner, the financial risk of decisions con-
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Table 1. Physicochemical Properties of Fluid System

Water viscosity, u,, (Pa+s) 0.001
Paraffin oil viscosity, u,,, (Pa-s) 0.026
Water/oil interfacial tension, y (Nt/m) 35103

Static contact angle, w(®) 41.

cerning the management of oil and gas reservoirs or the re-
mediation of oil-contaminated aquifers increases. On the
other hand, the performance of displacement tests on cores,
at several flow rates, increases the cost of laboratory analy-
ses. Therefore, there is a need for methods that will enable
the engineer to select the most suitable parameters for capil-
lary pressure and relative permeability functions based on the
flow conditions prevailing in the investigated problem, and a
representative number of displacement core tests.

In the present work, unsteady displacement experiments,
performed on a transparent glass-etched planar pore network
at varying values of the capillary number, are utilized to esti-
mate the relative permeability and capillary pressure func-
tions in dependence on the capillary number. The experi-
mentally measured transient changes of the NWP saturation,
distribution of NWP saturation along the porous medium and
total pressure drop across it are introduced into an appropri-
ate nonlinear parameter estimation numerical scheme devel-
oped in the environment of the commercial software package
ATHENA. Scaling arguments of the gradient percolation
theory are used to correlate the estimated macroscopic pa-
rameters with capillary number. Finally, experimental data
and estimated parameter values of capillary pressure are used
for the determination of the material coefficient of the
macroscopic thermodynamic theory.

Materials and Methods

Distilled water colored with methylene blue and paraffin
oil were selected as the wetting (WP) and nonwetting phase
(NWP), respectively (Table 1). A large planar pore network,
etched on glass with photo-lithographic techniques was used
as the model porous medium (Table 2). Experiments were
performed at a constant ratio of NWP viscosity to WP viscos-
ity, k = 26, and five values of the capillary number Ca, shown
in Table 3. Definition of the various capillary numbers is given
in detail in Appendix A.

Details about the morphology of the artificial model (Fig-
ure 1b) and the procedure followed for performing two-phase
flow experiments on it (Figure 1a) are reported in Theodor-

Table 2. Properties of the Model Porous Medium

Topology 2-D square lattice
Length X Width, L, X Wy (cm X cm) 13.4x10.3
*Areal porosity, ¢, 0.35
Cross-sectional porosity, ¢ 0.025

Length of central region, L (cm) 6.85

Pore cross-sectional shape Elliptical

Mean pore depth, {Dp) (um) 126

Mean pore width, (W, ) (wm) 470

Pore length, Lp (wm) 1,365

Absolute permeability, k (Da) 20.5

*For a 2-D porous medium it is defined as the fraction of the total area
occupied by pores.
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Table 3. Experimental Conditions

Capillary number, Ca Average retention time, ¢, (s)

6.55x108 32130
1.31x1077 16110
1.31x10°° 1611
6.55x10°° 322
1.31x107° 161

opoulou et al. (2001). First, the network becomes completely
saturated with the WP, and then, the NWP is injected in the
network through its inlet ports at a pre-selected flow rate,
using an infusion-withdrawal pump (Figure la). Successive
short-cuts of the displacement are captured from a central
region of the network (Figure 1b) with a CCD video-camera
and are recorded on the hard-disk through an image grabber
installed in the host computer (Figure 1a).

The pressure drop along the central region (viewed area)
of the pore network is measured with a differential pressure
transducer and is transmitted to a data acquisition card in-
stalled in the host PC (Figure la), where it is recorded at
constant time intervals ranging from ~1 s for the fastest to
~1 min for the slowest experiment. At the end of experi-
ments, the transient response of the pressure drop is
smoothed out by fitting a 10th-order polynomial to the mea-
surements (Figure 2). Note that the time ¢ =0 s corresponds
to the instant that the NWP enters the central region of the
network, while negative times refer to the earlier period dur-

(@) T—

Figure 1. (a) Experimental apparatus; (b) overview of
glass micromodel.
(a): 1= Syringe pump; 2 = light source; 3 = glass micro-
model; 4 = waste storage tank; 5 = differential pressure
transducer; 6 = pressure display; 7 = video-camera with
zoom-lens; 8 = host computer. (b): 1= inlet ports; 2 =
pressure taps; 3 = outlet ports; the dotted lines indicate the
bounds of the central region of the network.
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Figure 2. Measured time response of the pressure drop
along the central region of the pore network
for Ca=6.5x10°.

ing which the NWP invades the entrance region of the net-
work.

The NWP saturation in the network S,,,(¢) is determined
as a function of time by digitizing each image and measuring
the percentage of the network area occupied by the NWP
phase with the aid of the Sigma Scan Pro 5.0 software pack-
age. Except for the total NWP saturation, the distribution of
NWP saturation along the pore network is also determined
by sectioning its central region into seven slices of finite and
equal thickness and measuring the NWP saturation in each
slice, S,,,,,(t,x,,) (Figure 3). The two data sets are measured
separately and with a different length of resolution (Figure
3), so that independence of the experimental errors embed-
ded into each set of measurements is ensured.

Estimation of Capillary Pressure and Relative
Permeability Functions

Mathematical models

The one-dimensional (1-D) and horizontal (no gravity) flow
of two incompressible fluids in a homogeneous and isotropic
porous medium is described by the averaged mass (continuity
equation) and momentum (Darcy equation) balances, written
for each phase, namely

as; du;
“or T ox 0 M
kk,; oP,
U;=— e 9% 2)

In the foregoing equations, the index i refers either to the
wetting (i = w) or to the nonwetting (i = nw) fluid, w;, u;, P;,
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Figure 3. Shortcut of the displacement of WP (dark) by

NWP (white) for Ca=1.3x10 7 attime t =103
min.
Measured total NWP saturation: S,,, = 0.37. Measured
NWP saturation in each slice: S,,,,(1)=0.804, S,,,,,(2)= 0.7,
Spws3)=0.35, 85,4 = 0.117, S,,,,.(5) = 0.017, S,,,,,(6) = 0.0,
S, = 0.0.

S; are the dynamic viscosity, (average) superficial velocity,
pressure, saturation of phase i, k,; is the relative permeabil-
ity of phase i at saturation §;, ¢ and k are the porosity and
absolute permeability of the medium, ¢ is the time, and x is
the axial coordinate. Moreover, the capillary pressure is de-
fined as the difference between the local pressures of the two
fluids and is written as

PC = PI‘IW - PW (3)
whereas the fluid saturations are interrelated by
S,+S,,=1.0 4

By defining the fractional flow F,,, as the ratio of the local
NWP velocity u,, to the total velocity u,, namely

u w
Fo=— 0<F,, <10 (5)
Up
and using the dimensionless variables
x ugt
E=— and 7=— (6)
oL
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Equations 1-4 result in

aS,,, IF,, 0 7
—+ =
aT 173 )
F krnw uC [7PC* 8
e Kkrw +krnw Uy ™ (9§ ( )
where k is the viscosity ratio given by
Moy
K= ©
My
P* is a dimensionless capillary pressure, defined by
* P
PE=1p0 (10)

AP? is the experimentally measured pressure drop along the
NWP at steady state (t =), u, is a characteristic superficial
velocity defined by

kAP,
oL

an
and L is the length of the porous medium. The capillary
pressure and relative permeabilities may be regarded as
parametric functions of the NWP saturation, namely, P,
P(S,,.:0), k., =k, .(S,,:0), k.. =k, ,.,(S,,:0), where 0 is
the vector of unknown parameters. By substituting, Eq. 8§ to
Eq. 7 and, after some manipulation, we get

2

nw nw

A
+A———-(A4A,+ B+ B,)

or 73 19_5
&2
—33?—0 (12)
where
k akrnw k &kVW
A K rw asnw - rnw asnw (13)
' («krw+kmw>2
u
=(—)k (14)
u, ﬂk,w JP¥ s
B Kk, +k o IS (15)
u, 2%p*
_ _c rnw (4 16
( )Kk o 952, (16)
u rnw }’W (7P(,* 17
B «k,, +k,,, S, an
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Equation 12 is a nonlinear parabolic differential equation that
is subject to the initial condition

S (0,6)=0 (18)

and boundary conditions

Snw(770) =1- Swi (19)
S, B
() =0 (20)

where §,; is the irreducible WP saturation at the end of the
displacement, and is assumed to be distributed uniformly
across the porous medium. The foregoing boundary condi-
tions are suitable for our problem, since all observations and
measurements are restricted to a central region of the net-
work, which can be regarded as a piece (“window”) of an
infinite porous medium.

The total NWP saturation in the porous medium S,,,,(7) is
calculated by

Suui(T) =[S, £)d (1)

Likewise, the NWP saturation of a slice of finite thickness
extending from &, to ¢, is calculated by

&
Sus(T:6,) = [ Su(7,€)dE (22)
&
where
En=(&1+8)/2 (23)

For the numerical solution of Eq. 12, coupled with the sys-
tem of algebraic Eqs. 13-17, the PDAPLUS solver of the
commercial software package ATHENA (Stewart and Associ-
ates, Inc., Madison, WI) was used, by selecting a finite differ-
ence discretization scheme for the space coordinate. The code
uses the method of lines to solve mixed systems of nonlinear
PDEs and algebraic equations (Caracotsios and Stewart,
1995).

Dimensionless fluid pressures are defined by the relations

* PW
Pw = m (243)
P = M";; (24b)

The local pressure gradient along each phase depends solely
on the local NWP saturation S,,,(7,&) and can be obtained
by introducing the numerical solution of Eq. 12 into the fol-
lowing relationships

Pk, K U JIP¥
SAt Dokl ese)

¢ KK,y Tk | U ¢
7] K uy k,p, OPF 25h
— = — | — + _
¢ KKk, t k| U, Kk 9¢ (25b)
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Before the breakthrough of the NWP, the dimensionless to-
tal pressure drop across the porous medium A P* is equal to
the sum of the pressure drop across the NWP, the pressure
drop across the WP and the macroscopic capillary pressure
at the front, namely

N b ap, . Lapr et PO
=—F= |- + /|- + P
t AP,?W { (9{_— g é/- (9§ 6 c ( )

cr (26)

where the critical axial distance £, results from the solution
of Eq. 12 as the smallest distance satisfying the condition

Snw(T?gcr) S1074 (27)

For the determination of the NWP breakthrough, it is as-
sumed that a network spanning cluster of the NWP is estab-
lished, when the NWP saturation at the exit of the porous
medium satisfies the condition

Sw(7:1) =104 (28)

After the breakthrough of NWP, the pressure drop across
the porous medium coincides to the pressure drop across the
NWP and is given by

. AP aPE,
AP =0 =£ il L (29)

For the analytical representation of capillary pressure and
relative permeability curves, the following simplified Corey
type functions

SnW -
PC=PC°(1—1_S ) (30)
0 SnW "
krw=krw 1- 1—=8 . (31)
S i
Kyw = kr(')nw( % ) (32)

were selected. For primary drainage, the WP end relative
permeability k°, =1, while the NWP end relative permeabil-
ity k0, can be determined from experimental data and Darcy

law by introducing AP?, into the relation

Ug /J‘nwL
K =— 33
row kAP,?W ( )

Therefore, the vector of unknown parameters has four
components, namely

0=(P),m,n,l) (34)
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Parameter estimation

Estimates of the vector @ were obtained by matching the
numerically calculated total NWP saturation, NWP satura-
tion in each of the seven slices, and total pressure drop to
corresponding experimental values. The model responses,
Sws(T:€,)s S,(7), and AP*(7) were determined by calcu-
lating the integrals of Eqgs. 21, 22, 26 and 29 at the experi-
mental values of the independent variables 7 and §,,, with
the Simpson method. For the solution of the nonlinear pa-
rameter estimation problem from three-response data, the
Bayesian estimator of the GREGPLUS solver of ATHENA
software (Stewart et al., 1992) was adapted to the numerical
solution of PDAPLUS solver.

For multiresponse data, GREGPLUS computes modal and
interval estimates of the parameters using a user-provided
matrix of multiresponse observations by using the objective
function

B

O(0)= bZ (ny+m,+1)In|v,(0)]
=1

(3%

based on a user-selected arrangement of the responses into
one or more blocks (b =1,...,B), where n, and m, are the
number of events and working responses in block b, respec-
tively (Stewart et al., 1992), and |v,(0)| is the determinant
of the residual matrix defined below. From each block b,
GREGPLUS selects m,; working responses whose weighted
deviations from the current model, given by [y;; —
fi]-(O)]‘/w_,.j , are linearly independent over the events, where
Yijs f; j(0) and w;; are the observation, model prediction and
user-provided weight for response i in event j, respectively.
Then, each block sub-matrix function v,(@) with elements

vy (0) = Z VWiiWkj [yij _fij(o)] [ij _fkj(e)] (36)

j=1

where n is the number of events in the data set, has a posi-
tive determinant over the investigated range of 6, as Eq. 35
requires. Note that the dependent variable y; or f; repre-
sents S,,,(1,&,), S,.(7), AP*(r) for the index values i=
1,2,3, respectively.

The objective function is expanded as a quadratic function
of the parameters, around the initial guesses of the current
iteration (Bard, 1974; Stewart et al., 1992). The parametric
sensitivities needed for this step can be generated by GREG-
PLUS with optimized divided-difference steps; alternatively,
some or all of them can be provided by the user’s subroutine.
The resulting minimization problem is solved with successive
quadratic programming, starting from the user’s guesses for
the parameters and using a modified Gauss-Jordan algorithm
(Bard, 1974), within a user-defined feasible region; then, a
weak line search is conducted to establish an improved objec-
tive value and initial parameter vector for the next iteration.
Ill-conditioned solutions are avoided by using a threshold
value for acceptance of pivotal divisors in the quadratic mini-
mization calculations. Termination of the iteration is con-
trolled by the current quadratic programming predictions of
the correction vector. Interval estimates for the individual es-
timated parameters are then calculated from the final
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quadratic expansion of the objective functions. Both codes
PDAPLUS and GREGPLUS are written in Fortran and are
properly incorporated as subroutines in a user-defined code
which is written in Athena Visual Workbench (AVW) lan-
guage and translated automatically to Fortran by ATHENA.

Concepts from Percolation Theory
Finite-size and viscous effects on displacement patterns

At vanishing flow rates, an immiscible displacement pro-
cess is controlled by capillary forces, and can be modeled as
an invasion percolation process (Willemsen, 1984; Wilkinson,
1986). Near the percolation threshold, a percolation quantity
X (such as conductivity, percolation probability, and so on)
obeys the scaling laws (Stauffer and Aharony, 1992)

Xa s (37a)

Xoawe” (37b)
for an infinite lattice and finite lattice of size w (w is dimen-
sionless and coincides to the number of pore lengths per each
side of the lattice), respectively, where & is the correlation
length of the system with universal exponent v, and « is the
universal exponent of X. In other words, in finite systems, as
the percolation threshold is approached, & eventually ex-
ceeds the lattice size w; thus w becomes the dominant length
scale of the system. The percolation probability p defined by

p =fw f(rydr

r

(3%)

min

expresses the fraction of bonds (pores) that might be invaded
by the NWP, if they were all accessible to it, and is equal to
the percolation threshold p., when a network spanning clus-
ter of NWP appears for a first time (Sahimi, 1995). In drainage
processes, the finite size of a pore network causes shifts in
the percolation threshold (Stauffer and Aharony, 1992) and
irreducible wetting phase S,,; (Blunt et al., 1992) described by

Pen(*®) = Pen(w) atw ™ (39)

and

Swi(2) = Syi(w) cw =Y (40)
respectively, where B is the universal exponent of the acces-
sibility function (Sahimi, 1995).

Viscous forces introduce an additional finite correlation
length &, so that viewed on scales less than 8, the displace-
ment resembles an infinitesimal flow rate, while the effects of
viscous forces are evident at scales greater than §, (Wilkin-
son, 1994, 1986; Blunt et al., 1992). An effective correlation
length 8 can then be defined by

1 1 1 "
—_—= 4 —

Ot Oy W “n
For drainage processes, it has been found that the maximum
correlation length that can be developed at a given capillary
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number (Wilkinson, 1986), scales as
8, o Ca=n=Br1+m (42)
and the NWP saturation is of the order
Snwacaﬁ/(#*l?*lJrV) (43)

where w is the universal exponent of conductivity. Micro-
scopic effects such as the behavior implied by Eqs. 37 can be
seen only up to the length scale 8. which accounts both for
finite-size and viscous effects. At very low Ca values, 6, > w,
and, hence, 8.4 =w, namely, the network displacement pat-
tern is dominated by a ramified fractal structure governed by
finite-size effects on percolation quantities (Egs. 37b, 39, and
40). At high Ca values, 6, <w, and, hence, 8.4 =9,,
namely, the viscous effects become evident at scales smaller
than the network size, the network displacement pattern
changes, and the percolation pattern, restricted at scales <
oy, is governed by Eqgs. 42 and 43.

A stabilized fully developed displacement consists of a
frontal region which moves linearly with time at a frontal ve-
locity uj, and where the fractal properties of a percolation
cluster are valid, and a compact region, where the conven-
tional continuum description is valid (Xu et al., 1998). With
the aid of scaling arguments and gradient percolation theory
(Yortsos and Xu, 1997, Xu et al., 1998), the following rela-
tionship has been found

22X
Yi+v)( g D—d+pp _ ~_ 44
7 (o /) Ca,C Sa

where o is the front width, d is the topological dimension, D
is the mass fractal dimension (D =d — B/v), ¥ is a measure
of the variance of the pore-size distribution, C is a constant,
and capillary number Cay is based on the front velocity (Ca
o Cap = upp,,/y)- In practice, the front width o coincides
to the viscous correlation length, 6,,, namely o o« §,,, and for
small Caj values, Eq. 44 results in the asymptotic relation-
ship (Xu et al., 1998)

(45)

CﬂFC —y(l+p—B+v)
m( o )

which is identical to Eq. 42. The variation of the capillary
pressure across the front scales as (Xu et al., 1998)
AP. o o™V o Ca BT D) (46)

Near p,.,, the relative permeability of NWP scales as
(Wilkinson, 1986)

which in conjunction with Eq. 43 results in

K,y 0 CaAn=B+140) (48)
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The NWP saturation within the compact region varies over a
length scale o, vk Ca™", and its profile across it can be ob-
tained from the numerical or analytical solution of the aver-
aged macroscopic mass and momentum balances, Egs. 1 and
2. However, in the frontal region, the NWP saturation profile
varies over a length scale o (Eqgs. 44 and 45), and gradient
invasion percolation models have been suggested as simula-
tion tools (Hulin et al., 1988; Gouyet et al., 1988; Birovljev et
al., 1991; Xu et al., 1988).

Viscous effects on macroscopic parameters

In our approach, the macroscopic two-phase flow equa-
tions are used to describe displacements over the compact
and frontal regions. In this manner, the aforementioned
small-scale viscous effects on the displacement pattern are
implicitly introduced into the parameters of capillary pres-
sure and relative permeability curves. By differentiating the
macroscopic capillary pressure curve (Eq. 30), we get the
asymptotic derivative

5 e 49
dS"W SzwzlfSW,»_l_S . ( )

wi

From Eqgs. 43 and 46, we get the scaling relation

AP,
G o Cagll =B p—B+1+v) (50)

nw

which in combination with Eq. 49 results in

0
mP,

1-S

o Call~BAu=B+1+7) (51)

Likewise, Eqs. 32 and 48 give the scaling relation
kL., o Ca¥(#= BTty (52)
Equations 43 and 47 yield

dkrnw
ds

dS,%B_lcha("_B)/(”H_BJ”) (53)

nw

according to Eq. 32, the asymptotic derivative of k., at S
=0 is given by

nw

K k2,1 54
dSnw SW:O_ raw ( )

and, from Egs. 53 and 54, we get

KO, 1 o CatmBUm+1-B+v) (55)

The parameter values estimated with history matching can
be used to evaluate the validity of the foregoing scaling rela-
tions, Eqgs. 51, 52 and 55.
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Macroscopic Theory for the Nonequilibrium
Capillary Pressure

According to the linear thermodynamic theory for the
two-phase flow in porous media (Hassanizadeh and Gray,
1993a; Beliaev and Hassanizadeh, 2001; Hassanizadeh et al.,
2002), the magnitude of the difference of the (equilibrium)
static P, from the (nonequilibrium) dynamic capillary
pressure P, is proportional to the rate at which drainage takes
place, and in dimensionless form can be written as

Cay

nwt

a8
=P

— P
oT

c,stat

(56)

Ly,

where the material coefficient A is non-negative and may still
depend on saturation. By applying Eq. 56 to two sets of ex-
perimental data, S,,,(7) and estimated capillary pressure
curves, P(S,,,), at Ca= Ca, and Ca = Ca,, and subtracting
them from each other to eliminate P, , we get

Y ZA Y ZA Y
A Cal( ) —Caz( )
Ll-"nw dr 1 dr 2

= Pc,l(Snwt) - PC,Z(Snwt)

(57)

Results and Discussion
Visualization experiments

Successive shortcuts of displacements for various values of
Ca are shown in Figure 4. From the data of Table 2, it has
been found that {ry) =44.6 um and ry,, =454 um
(Tsakiroglou, 2002). The number of pore lengths along the
axial dimension of the viewed network (Figure 3) was found
N =70 (Eq. Al11). The microscopic capillary number Ca;, and
the macroscopic capillary number Ca; 5 were calculated by
using Egs. A6 and All, respectively (Table 4). Evidently,
Ca;, <1 (Table 4), and, hence, at the pore level, the dis-
placement is controlled by capillary forces for the full range
of Ca values. This means that scaling concepts of the perco-
lation theory (Wilkinson, 1986; Blunt et al., 1992; Xu et al.,
1998) could be used to describe fluid transport over a small
length scale depending on Ca (see also below). On the other
hand, the network displacement patterns (Figure 4) are con-
trolled by the macroscopic capillary number Ca; 5. The vis-
cosity ratio is sufficiently high (k =26 > 1) so that, when
Ca; > 1 (Table 4), the macroscopic capillary pressure and
pressure drop across the displaced WP are negligible com-
pared to the macroscopic pressure drop across the displacing
NWP, the displacement is dominated by the frontal drive
pattern (Lenormand et al., 1988), and a small amount of WP
is trapped in the form of small ganglia (Figures 4a and 4b).
When Ca,; , <1 (Table 4), the macroscopic pressure drop
across each phase is negligible compared to the macroscopic
capillary pressure, capillarity dominates at the network scale,
and a ramified fractal structure appears (this pattern is de-
fined as capillary fingering in Lenormand et al., 1988),
whereas a large amount of WP is trapped in the form of gan-
glia with sizes changing in a broad range (Figures 4d and 4e).
Finally, when Ca; , =1 (Table 4), the displacement is domi-
nated by a mixture of the aforementioned patterns (Figure
4c).
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7=0.324

b. 7=0.296 t=1.745

d. 7=0.246 7=0.499 7=1.542

e 7=0.287

7=0.590 7=1.417

Figure 4. Successive shortcuts of the displacement of
water (dark) by paraffin oil (white) for various
values of the capillary number.

(a) Ca=1.310">; (b) Ca=6.5 1079 (¢c) Ca=1.3 10~%; (d)
Ca=1310""7; (e) Ca= 6.5%x10% (the flow direction is from
the left to the right).
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Table 4. Scale-Dependent Capillary Numbers 3000 —
Ca Cay, Ca; v . §
655%10°° 0.0002 0.0136 2000 4 Ca=1.310 S,=0.10 P
1.31x1077 0.0004 00278 | T Ca=6.510" S,=0.14 Pl
1.31x107° 0.0040 0278 |l Ca=1.310° S_=0.185 i
6.55%107° 0.0200 1.405 w ----Ca=1.310" S _=0.20 R
131x107° 0.0400 2.802 o e Ca=6.510° S =0.30 Y
o " o
- 1000 - i )
g 900 - A
. 2 800 ;
Capillary end effects (Huang and Honarpour, 1998; Toth 2 700 4 /
et al., 2002), arising from the discontinuity of capillary pres- S 600 - L
sure in the wetting phase at the outlet end of the porous s 500 - T ’
sample, may significantly affect the calculated end relative = T
permeabilities and final saturations. In the model porous g 400
medium used in experiments (Figure 1b) the fluids enter and ©
expel from the porous medium through small holes con- 300 1
nected directly with the pore network. All quantities (pres-
sure drops, saturations) are measured across a central area of 200 . : i : . : ' : .
the pore network located far from the inlet and outlet ends 0.0 0.2 0.4 0.6 0.8 1.0

so that end effects are minimized. Capillary end effects al-
most vanish even at low Ca values (Figures 4a—4d), and weak
nonuniformities of the nonwetting phase saturation across the
pore network appear at very low Ca values (Figure 4e).

Estimated nonequilibrium functions

The PDE (Eq. 12) is solved iteratively with the PDAPLUS
solver in the time interval (0,7) by using a grid refined to 200
discretization points and bounded between ¢ = 0 (left bound-
ary condition, Eq. 19) and £ =10 (right boundary condition,
Eq. 20). The parameters of P., k,,,, k,,, are first estimated
for the fastest experimental (Figure 4a), which is a stable dis-
placement with uniform lateral distribution of NWP satura-
tion. These values are introduced then as initial guesses into
the parameter estimation problem of the next slower experi-
ment and so on. Modal estimates and intervals of parameters
are given in Table 5, whereas the capillary pressure and rela-
tive permeability curves are shown in Figures 5 and 6, respec-
tively.

The P(S,,) increases as the displacement flow rate in-
creases (Figure 5) by tending to an asymptotic function at the
highest Ca value (Figure 5). In addition, both %,,(S,,,) and
k,.(S,,) are clearly increasing functions of Ca over the en-
tire range of Ca values (Figure 6). The foregoing experimen-
tal results are consistent with theoretical simulations of the
unsteady oil/water drainage in pore networks, accounting for
the pore scale dynamics (Blunt and King, 1991; Singh and
Mohanty, 2003).

Comparative analysis of observed (experimentally mea-
sured) data vs. numerical predictions is made in Figures
7-11. The best fit to the observed NWP saturation profile

Non-wetting phase saturation, S _,

Figure 5. Estimated capillary pressure curves for vari-
ous values of the capillary number.

1.0 |
0.9 12 Ca=1.310° k_°=0.675
'a_‘i{\ ----- Ca=6.510° k_ °=0.507

084 W\ [ Ca=1.310° k_ °=0.351

3 i ---—Ca=1.310" k_°=0.081
-“E 074 iy ~-----Ca=6.5 10" k_°=0.056
= 06
5
5 : .
8 0.5 ‘ L
g 3
$ 03 ”
ot
8
[] -
S 02

0.1 - 3

0.0 e e

0.0 0.2 0.4 0.6 0.8 1.0

Non-wetting phase saturation, S

nw

Figure 6. Estimated relative permeability curves for var-
ious values of the capillary number.

Table 5. Estimated Parameter Values

Ca P? (Pa) m n 1
1.3%x107° 553.1+0.25 0.248+2.4 10~ * 2204151073 0.91+6.010 4
6.5x107° 664.1+0.22 0.181+6.810°° 3.024231073 1.20+8.110~*
1.3%x107° 571.2+0.78 0.142 338+2.910% 147429107
1.3%x1077 474.6+0.18 0.112+1.710~4 345+7810°4 1.51+351074
6.5x1078 371.0+13.5 0.114+7210°3 4.13+9.31072 1.43+2.6x1074
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Figure 7. Comparison of experimentally measured with
numerically predicted (a) NWP saturation pro-
file, (b) total NWP saturation, and (c) total
pressure drop, for Ca =1.3x10~° and the pa-
rameters values of Table 5.

S,ws (7,&,,) occurs for the fastest experiments (Figures 7a and
8a), where, at the network scale (Table 4), the capillary forces
are weak compared to viscous ones, the front width is rela-
tively small, and the resulting frontal drive pattern (Figures
4a and 4b) can successfully be simulated by using the conven-
tional macroscopic equations. In progressively lower Ca val-
ues, the capillary forces may exceed the viscous ones (Table
4), the front width becomes large compared to the network
size (Figures 4c, 4d, and 4e), and the network displacement
pattern is gradually dominated by the invasion percolation
cluster (Figure 4e). Then, the pattern of the displacement
front could be simulated by using a gradient percolation
model (Xu et al., 1998), rather than the macroscopic ap-
proach adopted here. Subsequently, at low Ca values, the
discrepancy observed between experimental measurements
and numerical predictions of the NWP saturation distribu-
tion in the frontal region is reasonable (Figures 10a and 11a).
Evidently, changes caused on the displacement pattern by Ca
and finite network size are implicitly incorporated into the
macroscopic parameters of the resulting nonequilibrium cap-
illary pressure and relative permeability curves.

The transient response of the total NWP saturation S,,,,(7)
is predicted satisfactorily almost for all Ca values (Figures
7b, 8b, 9b, 10b, and 11b) given that S,,,,(7) is measured inde-
pendently of S, .(7,£,) and some inconsistency of measured
data with mass balance is unavoidable.

Before the NWP breakthrough, the total pressure drop
across the viewed region of the pore network (Figures 3 and
4) originates primarily from the pressure drop across the in-
vading viscous NWP and capillary pressure encountered at
the displacement front. After the breakthrough of the NWP,
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Figure 8. Comparison of experimentally measured with
numerically predicted (a) NWP saturation pro-
file, (b) total NWP saturation, and (c) total
pressure drop, for Ca=6.5x10"% and the
parameters values of Table 5.

the capillary pressure term vanishes and the total pressure
drop falls abruptly tending to a constant steady-state value
(Figures 7c, 8¢, 9¢, 10c, and 11c). Near the breakthrough point

0.6

o

x+o0apoag

Non-wetting phase saturation, S
°
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T T v T T
0.0 0.2 04 06 08 1.0
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Figure 9. Comparison of experimentally measured with
numerically predicted (a) NWP saturation pro-
file, (b) total NWP saturation, and (c) total
pressure drop, for Ca=1.3x10"% and the
parameters values of Table 5.
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Figure 10. Comparison of experimentally measured with

numerically predicted (a) NWP saturation
profile, (b) total NWP saturation, and (c) total
pressure drop, for Ca=1.3x10 "7 and the
parameters values of Table 5.

AP, takes on a local maximum, which becomes sharper as Ca
decreases and the contribution fraction of P.(0) to AP, in-
creases (Figures 7c, 8¢, 9¢c, 10c, and 11c¢). The calculated re-
sponse of AP, deviates from the experimental one at low Ca
values, where the displacement is capillary driven at pore-
and network-scale and displacement is dominated by percola-
tion cluster (Figures 4d and 4e).

The values of certain universal scaling exponents for 2-D
and 3-D systems are given in Table 6. For 2-D systems, the
approximate scaling relations expressed by Egs. 51, 52, and
55 take the form

mP?
T I ¢ Ca0.246 (58)
k° . o Ca®?’ (59)
kC 1o Ca® (60)

The exponents calculated by fitting the estimated parameter
values with power laws of the form y=CaP? do not differ
substantially from the aforementioned universal values (Fig-
ures 12a, 12b, and 12c¢). Hence, the foregoing scaling rela-
tions enable us to estimate roughly the functional depen-
dence of the macroscopic parameters of P, and k,,,, on Ca.
The discrepancy observed between the exponents of Egs.
58-60 and those shown in Figure 12 might be attributed to
two reasons: (a) lattice finite-size effects on parameter val-
ues; (b) asymptotic nature of Eqs. 58—60. It is worthwhile to
note that the foregoing analysis and its results with respect to
correlations of the macroscopic parameters with Ca are valid,
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Figure 11. Comparison of experimentally measured with
numerically predicted (a) NWP saturation
profile, (b) total NWP saturation, and (c) total
pressure drop, for Ca=6.5x10"28 and the
parameter values of Table 5.

presuming that the displacement is capillary-driven at the
pore-scale (Ca,;; < 1).

2-D pore networks could be representative models of the
structure of single fractures (Tsakiroglou, 2002). However, the
majority of porous media, as, for instance cores of reservoir
rocks, should be regarded as large 3-D pore networks with a
broad variety in pore sizes (Sahimi, 1995), and unavoidably
deviation from the above described behavior is expected. The
theoretical analysis must be done carefully so that capillary
end effects, arising from the discontinuity of capillarity in the
WP at the outlet end of the core, are accounted for. Because
of the longer linear dimension L, the length scale of the fully
developed flow (compact region) increases significantly, so
that the displacement pattern may be dominated by frontal
drive even over low Ca values, and finite-size effects on pa-
rameter values weaken. On the other hand, the percolation
front may also increase substantially because of the high pore
size variability (Eq. 45), so that the slope of the capillary
pressure curve is expected to increase, and finite-size effects
on parameter values strengthen. By replacing the 3-D values

Table 6. Universal Scaling Exponents

2-D Systems 3-D Systems
Exponent (d=2) (d=3)
B 5/36 0.41
v 4/3 0.88
" 1.3 2.0
D 91/48 2.53
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of scaling exponents (Table 6) in Egs. 51, 52, and 55, we get

mP?
™ (61)
KO o Ca®5T0 (62)
K0 1o Cat® (63)

Equations 61-63 may give us an idea about the dependence
of the macroscopic parameters of P.(S,,), k,,,.(S,,) on Ca
for 3-D cores. Such relationships might be used to estimate
the capillary pressure and relative permeability curves at a
Ca value when measurements at 1-2 Ca values are available.
Moreover, the same relationships could be used to evaluate
the validity of parameter values estimated from unsteady-state
experiments at various Ca values.

Experimental data concerning the transient change of the
total NWP saturation were used for the determination of the
material coefficient A (Figure 13). Experimental datasets and
P(S,,.) curves corresponding to the two nearest Ca values
were introduced into Eq. 57. Data points in the vicinity of the
irreducible wetting phase saturation S, (where the slope
ds,,/dr approaches to zero, and the system tends to equili-
brate, Figures 7b—11b) were ignored. The material coeffi-
cient was found to change mildly with NWP saturation, and
depend strongly on the capillary number range (Figure 13). A
mean material coefficient {A) was estimated for each pair of
Ca values with linear fit to Eq. 57 (Figure 13). The material
coefficient A is a capillary damping coefficient and can be
regarded as a measure of the speed at which capillary equi-
librium is established (Hassanizadeh et al., 2002). Therefore,
the higher the capillary number, the smaller the (A) value,
and the faster the system returns to equilibrium (Figure 13).
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Figure 13. Material coefficient in dependence on the
NWP saturation for various values of Ca.

The calculated values of the material coefficient agree, at
least in the order of magnitude, with corresponding ones re-
ported in literature (Hassanizadeh et al., 2002).

Concerning the uniqueness of capillary pressure and rela-
tive permeability curves, it is evident that someone can find
numerous sets of P,, k,,,, k,,,, that may fit to the experimen-
tal data satisfactorily. Normally, the final results will depend
on the (a) quality of data, (b) number of datasets, (c) ade-
quacy of the two-phase flow equations and P, k,,, k,,,
models, and (d) efficiency of the computational technique. In
the present work, we attempt to maximize (a), (b) and (d) by
using conventional two-phase flow equations and P,, k,,,
k,,, models, and, assuming that at the scale of the pore net-
work, the capillary pressure and relative permeability func-
tions depend on the global rather than the local flow rates.
Likewise, at the core scale, the dependence of the relative
permeability and capillary pressure curves on the local capil-
lary number (which changes with time and spatial coordinate
from 0 to Ca) may be ignored so that the classical fractional
flow equations are used. However, at the reservoir scale, the
Ca dependent P, k,,,, k,,, curves (determined as described
above from unsteady-state experiments performed on repre-
sentative cores at several Ca values) may be regarded, at each
point of the numerical grid, as functions of the local frac-
tional flow of the NWP (Tsakiroglou et al., 1998), namely

krw = krw(Snw’ an)’ krnw = krnw(Snw ’an)’

PC = PC(SIIW’FHW) (64)
In this manner, additional nonlinearities are introduced into
the fractional flow Egs. 7 and 8, and elaborate computational

methods are required for their numerical solution. A two-
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scale approach of this type enables us to account for small-
scale (core-scale) viscous effects on the simulated saturation
profiles at the reservoir scale.

Conclusions

Drainage experiments of the immiscible displacement of
an aqueous wetting phase (water) by an oleic nonwetting
phase (paraffin oil) are performed on a planar glass-etched
pore network, under constant viscosity ratio, and varying val-
ues of the capillary number. The measured transient changes
of the axial NWP saturation distribution, total NWP satura-
tion, and total pressure drop are used for the parameter esti-
mation of the Corey type capillary pressure and relative per-
meability functions with history matching. The mathematical
model consists of the conventional equations describing the
1-D macroscopic flow of two fluids in an isotropic and homo-
geneous porous medium. In history matching, the ATHENA
software package is utilized, where the mixed system of non-
linear partial differential and algebraic equations is solved
with the PDAPLUS solver and the optimal parameter values
are estimated by using the Bayesian estimator of the GREG-
PLUS solver. Gradient percolation theory allows the deriva-
tion of approximate scaling laws describing the variation of
macroscopic parameters with the capillary number in terms
of universal scaling exponents. The estimated capillary pres-
sure curves at varying values of the capillary number are used
to determine the material coefficient of the thermodynamic
theory of capillary pressure (Hassanizadeh et al., 2002).

The most important conclusions are outlined below.

e At the pore scale, the displacement is capillary-driven,
while, at the network scale, the displacement may be gov-
erned by capillary or viscous forces depending on capillary
number and pore network size.

e The P.(S,.), k,,,.,(S,..), k,,,(S,,) curves are increasing
functions of the capillary number in agreement with earlier
simulations with dynamic pore network simulators.

e The estimated capillary pressure and relative permeabil-
ity functions are sensitive to the dominant transient displace-
ment pattern, which, at the network-scale, changes gradually
fron the invasion percolation cluster to the frontal drive, as
the capillary number increases.

e The displacement pattern consists of a compact region,
where the macroscopic equations are applicable, and a rami-
fied frontal region that can be described by a viscous gradient
percolation model; the width of the frontal region is an in-
creasing function of the capillary number and may be compa-
rable to the pore network size at low Ca values.

e Scaling laws arising from the gradient percolation theory
fit satisfactorily to parameter values estimated by matching
experimental data with the macroscopic two-phase flow
equations; such relationships can be used as a guide to evalu-
ate estimated macroscopic parameters of P.(S,,),
krnw(Snw)5 krw(Snw)'

e Regarding the variation of P.(S,,,), k,,,.(S,)s k,0(S,0)
with Ca, differences between 2-D and 3-D porous media are
associated with universal scaling exponents depending exclu-
sively on dimensionality, lattice size, and pore-size variability.

e The material coefficient is a decreasing function of the
capillary number, and such a behavior should be taken into
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account in applying the macroscopic thermodynamic theory
(Hassanizadeh and Gray, 1993a) to transient two-phase flow
processes.

e Rate-dependent P.(S,,,, k,(Suw)s K,,(S,,) curves esti-
mated from core experiments can be coupled with the macro-
scopic two-phase flow equations in order to account for
small-scale viscous effects on simulations at the reservoir
scale.
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Appendix

In order to relate the pore structure characteristics with
the macroscopic flow pattern, we define the pore-scale capil-
lary number Ca,,, as the ratio of the pressure drop across a
single pore APy, to the capillary pressure P;, required for
the filling of a pore with NWP. The equivalent hydraulic ra-
dius ry is defined as the ratio of the area to the perimeter of
the cross-section, and the pore aspect ratio p is defined as
the ratio of the pore depth to width. An effective hydraulic
radius ry,, can be calculated by considering a mean aspect
ratio { p) = (W,)/{D,), and averaging r;; over the pore net-
work with the aid of the effective medium theory
(Tsakiroglou, 2002). Then, the pressure drop for the flow of
NWP through an elliptical pore of the effective network, at
an average (intrinsic) velocity up = u,/¢ is given by

I‘anLPWZ(1+<p>2)u I‘anLPu
Mt TR &

(A1)
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where E is an elliptical integral of second kind, defined by

E(V1-(pY 7/2) =f0”/2\/1—(1—<p>2)sin2 0do (A2)

¢ is the porosity, defined by

_ 7T<DP><WP>
¢= T (A3)

and u, is the average (superficial) flow velocity of NWP (u,
=q,/Ap), where A, is an apparent cross-section area

Ap=W,Lp (A4)
The capillary pressure at equilibrium is given by
Y COS @
Pey= (A5)
T'em

where o is the (static) receding contact angle for the investi-
gated fluid /solid system. Given that cosw = O(1), this factor
can be neglected and Ca,, is written

APy, w3 p)(1+{pY) [ L, )
Ca; = = 7 — | Ca
Py 64E

THm

_ ( L”]:”’" )Ca (A6)

where the global capillary number Ca is given by

Uy My

Y

Ca= (A7)

The pressure drop in the NWP, across a network length L =
NL, is given by

Upw /J’anLP

AP,y = o

(A8)

ranw

The corresponding macroscopic capillary pressure at equilib-
rium P, can be obtained by averaging the interfacial curva-
tures over the total interfacial area of the pore network
(Whitaker, 1986). However, for an analysis of the order of
magnitude, it can be approximated as Poy = Py. It is k,,,
a S and, therefore, the macroscopic network-scale capil-

lary number is given by

AP TamLpN
v MmN

Poy Kk

Ca;n= (A9)

By assuming that, k,,,, = O(1), Eq. A9 is finally simplified to

Ca; y = NCa;, (A10)

Note that the number of pore lengths N along one dimen-
sion L of the pore network is approximated by the relation

L All
B Lpcos 0 (ALL)

where 6 is the angle formed between the main flow direction
and the pore axis.
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